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Simple review of Fourier transform
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- The Fourier transform converts a signal from spatial domain to the

frequency domain.

() —

Fourier
Transform

— F(s)

 The Continuous Fourier Transform of a one-dimensional continuous function

f(t) is defined as

F{f(t)}=F(s)= f(t)e’*™at
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The Fourier Transform

 The inverse Fourier transform

F{F(s)} =] F(s)e™ds

F(s) Inverse Fourier f(t)
Transform
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The Discrete Fourier Transform

- If {f.} is a sequence of length N, then its
discrete Fourier transform (DFT) is given by

Zfe_jz_l, n=0,L---N-1
- And the mverse DFT is given by
:ZE’le_] ﬁﬁ > l=0,1,---,N—1

Where 0<in<N-1 are indices.



e
m Institute of Media, & 3 U‘% z”p?ﬁﬁl»ijliﬂ‘(%%

. Y3
e o Infomlatlon’ and Network @S" [/ chool of Life Sciences and Biotechnology

(.

Properties of the Fourier Transform

 The Addition Theorem

1If F{f(t)!=F(s) and Fig(t)}=G(s), then
F{f()+g(®)}=F(s)+G(s)

> And take it as an axiom that for any real number ¢

Ficf (1)) = cF(s)

= This implies that Fourier transform is a linear transform.
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The Shift Theorem

e Time shift:

F{f(t-a)}=e""™F(s)

» Frequency shift:

F{f(t)ejZﬂsot/N} :F(S—SO)
When s, =N /2

F{f()(-1)'}=F(s—N/2)
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The Convolution Theorem

- The Fourier transform of the convolution of two functions is the
product of the Fourier transforms of these two functions
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The Differentiation Theorem

- Another property of the FT is the conversion of derivative in time
domain into a simple multiplication process in the frequency domain.
This property is used to convert differential equations in time into a
set of simple linear equations in frequency domain and solve
multidimensional differential equations using simple linear algebra

Fif (0)*g(t)j=F(s)G(s)
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The Scaling Property

» An extremely useful property of the FT is the way time and
frequency domains are inversely scaled. Specifically, assume
that the FT of a signal g(t) is given as G(s), the scaling property
states that, for a signal defined as g,(t) = g(at) with a > 1, we
can easily calculate the FT using G(f) as fellow:

FT{g,(1)} = G,(f) - 1G(f)

a a



-
m Institute of Media, gf@ v AR AR B

.11 Information, and Network muf

School of Life Sciences and Biotechnology

2-D Fourier Transform
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The 2-D Continuous Fourier Transform

» The discrete Fourier transform of an image of size
M*N is given by

F(pv) = f f f(t, z)e J2mBtTv2) Gt d7

* Inverse Fourier transform

f(t,z)=f f F(u,v) el2™Wt+vz) q dy



-
m Institute of Media, ,ngj v AR AR B

.11 Information, and Network Sy

School of Life Sciences and Biotechnology

The 2-D Continuous Fourier Transform

(a) (b)

(a) The 2-D equivalent of the 1-D box function. (b) The spectrum of (a). The box is longer
along the t-axis, so the spectrum is more contracted along the u-axis.
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2-D Sampling Theorem

Saraz(t. 2)

A ] ]
2-D impulse train:
Spraz(t,2) = % Y §(t — mAT, z — nAZ)
A m — —oo n — —™o
Limited band:

F(uv)=0 for|ul=p_ .  and|v| > vy,

M

Recoverable sampling rate:

1 1
ﬁ > 2”max H > 2vmax
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2-D Sampling Theorem

Footprint of a

2-D 1deal lowpass
/ (box) filter

............

o "l

(a) (b)
Two-dimensional Fourier transforms of (a) an over-sampled, and (b) an under-sampled,
band-limited function.
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lllustration of aliasiing on resampled
images.

(a) Adigital image of size 772 x 548
pixels with visually negligible
aliasing.

(b) Result of resizing the image to
33% of its original size by pixel
deletion and then restoring it to its
original size by pixel replication.
Aliasing is clearly visible.
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The Two-Dimensional DFT

» The discrete Fourier transform of an image of size M*N is given
by

M —1 N —1

F(u, 17) = Z Z f(x, y)e—jZR(ux/M+vy/N)
X =0y = 0

* Inverse Fourier transform

M —1 N —1

= j2n(ux/M+vy/N)
fy) =7 Z z F(u,v)e

u — 0v =
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The Two-Dimensional DFT

- What’s the value of the transform at (u, v)=(0, 0)?
M —1N —1

FO,00=MNw > ) f(x)

X =0y =0
= MNf

« MN times of the average of f(x, y). Because the proportionality constant MN
usually is large, |F(0,0)| typically is the largest component of the spectrum
by a factor that can be several orders of magnitude larger than other
terms. Because frequency components u and v are zero at the origin,
|F(0,0)| sometimes is called the dc component of the transform.
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DFT on Common Medical Images

(a) The X-ray image

(b) 2-D DFT of (a)
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DFT on Medical Images

(b)

(a) CT image. (b)2-D DFT of (a)
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DFT on Medical Images

(a) The MRI image

(b) 2-D DFT of (a)

(b)
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DFT on Medical Images

(b)
(a) The ultrasound image. (b) 2-D DFT of (a)
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Properties of the 2-D DFT and IDFT

 Relationships between spatial and frequency intervals

1 1

Au=uar Av=az

« Translation and rotation

f(x' y)ej21t(uox/M+v0y/N) = F(u — Uy, V— 170)
fx = %0,y = ¥y) & F(,v) e J2mou/M g0/

Using the polar coordinates, then:
xX=1rcosf@ y=rsinf u=wcosg V=wSsin @
f(r,0+60,) © F(w,p +06,)
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Properties of the 2-D DFT and IDFT

» Linearity

X0 = z:f'xi

X1

FFT(X0) = JFFT(X) FET(X1)

FFT(X2) FFT(X3) FFT(X4) FFT(X5)
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X5

Properties of the 2-D DFT and IDFT

» Linearity

X0 = 2°X.
i 1

FFT(X0) = S{FFT(X) FFT(X1) FFT(X2) FFT(X3)

FFT(X5)
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Properties of the 2-D DFT and IDFT

- Periodicity

As in the 1-D case, the 2-D Fourier transform and its inverse are infinitely periodic
in the u and v directions; that is:

Fluv)=Fu+kM,v)=F(uv+k,N)=Fu+kMv+ k,N)
and

fo, y) = fx+kiM,y) = f(x,y+kN) = f(x+ kM, y+ k;N)

where k; and k, are integers.
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Properties of the 2-D DFT and IDFT

For display, it is common practice to shift the original point to the center
(M/2, N/2). According to the shift theorem, we need to multiply the input
image function by (-1)**Y prior to computing the Fourier transform:

fo, V(-1D)*"Y o Fu—-M/2,v—N/2)
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Properties of the 2-D DFT and IDFT

Centering the Fourier transform

......

(0,0)|N/2—N

J§
%£(0.0)
M/2~

;"I - l
N

......

|

Four adjacent quarter
periods meet here

1= M X N data array computed by the DFT with f(x, y) as input

M X N data array computed by the DFT with f(x, y)(=1)""" as input
= Periods of the DFT

(a) A 2-D DFT showing an infinite

(b)

number of periods. The area
within the dashed rectangle is the
data array, F(u, v), obtained with
2-D DFT with an image f(x,y) as
the input. This array consist of
four quarter periods.

Shifted array obtained by
multiplying f(x,y) by (—1)**Y
before computing F(u, v). The
data now contains one complete,
centered period.
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Properties of the 2-D DFT and IDFT

« Symmetry Properties
w(x, y) = we(x, ¥) + wo(x, ¥)

where the even and odd parts are defined as:

We(x’y)éW(x,y)H;(—x,—y) and Wo(x'y)éW(x,y)—‘;(—x,—y)

where

We(x, ¥) =wWe(—x, —¥) and wy(x,y) = —w,(—x, —)
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Spatial Domaint

Frequency Domaint

Some symmetry properties

of the 2-D DFT and its
inverse. R(u,v) and I(u, v)

are the real and imaginary

parts of F(u, v),

respectively. Use of the
word complex indicates

that a function has nonzero

real and imaginary parts.

1) fix,y) real F'(w,v) =F(—u, —v)

2) f(x,y) imaginary F'(—u, —v)= —F(u,v)

3) fix,y) real R(u,v) even; I(u,v) odd

4) fix,y) imaginary R(u,v) odd; I(u,v) even

5) f(—x, —y) rea F*(u,v) conpl e:

6) f(—x, —y) conpl e: F(—wu, —v) conpl e:

7) f'(x,y) conpl e: F*(—u, —v) conpl e:

8) f(x,y) real and even F(u,v) real and even

9) f(x,y) real and odd F(u,v) imaginary and odd
10) f(x,y) imaginary and even F(u,v) imaginary and even
11) f(x,y) imaginary and odd F(u,v) real and odd
12) f(x,y) complex and even F(u,v) complex and even

13)

f(x,y) complex and odd

F(u,v) complex and odd
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Fourier Spectrum and Phase Angle
 Fourier spectrum

IF(u,v)| = [R*(w,v) + I*(y, 17)]1/2
- Phase angle
¢(u,v) :tan'l{l ’
R(u,v)
» Power spectrum
P(u,v) = ‘F(u,v)‘z
=R’ (u,v)+l2 (u,v)

where R(u, v) and I(u, v) are the real and imaginary parts of F(u, v),
respectively
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The spectrum of a rectangle

—t-_y

ab

| .
e (a) Image

(b) Spectrum, showing small, bright
areas in the four corners (you have to
look carefully to see them).

(c) Centered spectrum.

(d) Result after a log transformation.

W i

The zero crossings of the spectrum are
closer in the vertical direction because
the rectangle in (a) is longer in that
direction. The origin of the spatial and
frequency domains at the top left
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Translation and Rotation

ab
c d

a) The translated rectangle.
b) Corresponding spectrum.
c) Rotated rectangle.

d) Corresponding spectrum.

A
|
|

|
|
|
|
1
"
1
"
|
|
|

(
(
(
(

I

The spectrum of the translated rectangle
is identical to the spectrum of the original
image. The spectrum is insensitive to
image translation (the absolute value of
the exponential term is 1), but it rotates
by the same angle of a rotated image.
The components of the spectrum of the
DFT determine the amplitudes of the
sinusoids that combine to form an image.
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Translation and Rotation

abec

Phase angle images of (a) centered, (b) translated, and (c) rotated rectangles. The contribution of the
phase components is less intuitive, it is just as important to spectrum.
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Amplitude and phase of X-ray images

Ground truth : Magitude Ground truth : Fourier domain

C

a) The original CT image. (b) The DFT phase of original CT image. (c) The Fourier domain of CT
image.
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Spatial-shift in medical images

Spatial Shift (AX, AY) = Spatial Shift (AX, AY) = (200, 200) : Fourier domain

(200, 200) : Magitude

c)

a) CT image with spatial-shift. (b) The DFT phase of CT image with spatial shift. (c) The Fourier
domain CT image with spatial shift.
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Frequency-shift in medical images

Fourier Shift (AX, AY) = (100, 100) : Magitude Fourier Shift (AX, AY) = (100, 100) : Fourier domain

(b c)
a) The IDFT of (c). (b) The DFT phase of CT image with frequency shift. (c) The Fourier domain
of CT image with frequency shift.
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Amplitude and phase of ultrasound images

Ground truth : Magitude Ground truth : Fourier domain

(@) ()

(a) The original ultrasound image. (b) The DFT phase of original ultrasound image. (c) The Fourier
domain of ultrasound image.
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Spatial-shift in medical images

Spatial Shift (AX, AY) =

Spatial Shift (AX, AY) = (2‘00, 200) : Phase Spatial Shift (AX, AY) = (200, 200) : Fourier domain

(b) (c)

(a) Ultrasound image with spatial-shift. (b) The DFT phase of ultrasound image with spatial shift.
(c) The Fourier domain ultrasound image with spatial shift.
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Frequency-shift in medical images

Fourier Shift (AX, AY) = (100, 100) : Magitude Fourier Shift (AX, AY) = (100, 100) : Fourier domain

100) : Phase

Fourier Shift (A, AY)

Lreasy

(@) (b) (c)

(a) The IDFT of (c). (b) The DFT phase of ultrasound image with frequency shift. (c) The Fourier
domain of ultrasound image with frequency shift.
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Contributions of the spectrum and phase angle to image formation

- The components of the spectrum of the DFT determine the amplitudes of
the sinusoids that combine to form an image. At any given frequency in the
DFT of an image, a large amplitude implies a greater prominence of a
sinusoid of that frequency in the image.

- The phase is a measure of displacement of the various sinusoids with
respect to their origin.

- The magnitude of the 2-D DFT is an array whose components determine the
intensities in the image, and the corresponding phase is an array of angles
that carry much of the information about where discernible objects are
located in the image.
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7

) g
(S ASS

e

i B .

gle aI shape
features are there, but the intensity information is missing because the spectrum was not used in
the reconstruction).
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Contributions of the spectrum and phase angle to image formation
de f

(d) Boy image reconstructed using only its spectrum. (e) Boy image reconstructed using its phase
angle and the spectrum of the rectangle in Fig. 4.23(a) . (f) Rectangle image reconstructed using
its phase and the spectrum of the boy's image.
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Magnitude only

(b)

(a) The original X-ray image. (b) Reconstructing image with magnitude only. (c) Reconstructing
image with phase only.
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Contributions of the spectrum and phase angle to image formation

Original ultrasound Magnitude only

a (b C

a) The original ultrasound image. (b) Reconstructing image with magnitude only. (c) Reconstructing
image with phase only.
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Contributions of the spectrum and phase angle to image formation

X magnitue, U phase X phase, U magnitude

(a) (b)
(a) Reconstructing image with X-ray image’s magnitude and ultrasound image’s phase. (b)
Reconstructing image with X-ray image’s phase and ultrasound image’s magnitude.
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The 2-D Convolution Theorem

» 2-D circular convolution

M —1N —1

FHrWEY)= ) ) fommhx—m y—mn)

m = 0n =20

» The 2-D convolution theorem is given by
(f*h)(x, y) & (F-H)(w,v)

and, conversely,

(W) ) & 2 (FRH) @)
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The 2-D Convolution Theorem

ol g

[ F(sxSy)|

|G(s,s,)]
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h(x, y)

(b)

116

114

112

ERTEEE S SE S
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a(x, y)

10.9

10.8

40.7

(c)

(a) Is the original image of X-ray image. (b) is the gaussian kernel. (c) is the convolution result

between (a) and (b)
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2-D Convolution Theorem

F(u, v)

H(u, v) G(u, v)

—_

o
—
o

I 1 1 1
o - N w H (6} (o)} ~ o o

1 1 1 1
o — N w £ (6} (o)} ~ o o

(a) (b) (c)
(a) is the DFT of original image. (b) is the DFT of the gaussian kernel. (c) is the DFT of resulted image.
The y-axis is logarithmic magnitude of two-dimensional discrete Fourier transform
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2-D Convolution Theorem

h(x, y) x107

116

f(x, y)

114

10.8

112

(a) (b) (c)
(a) Is the original image of ultrasound image. (b) is the gaussian kernel. (c) is the convolution result
between (a) and (b)
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2-D Convolution Theorem

F(u, v) G(u, v)

(a) (b) (c)

(a) is the DFT of original image. (b) is the DFT of the gaussian kernel. (c) is the DFT of resulted image.
The y-axis is logarithmic magnitude of two-dimensional discrete Fourier transform
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1) | Discrete Fourier M —1N —1
= —j2n(ux/M+vy/N)
transform (DFT) of Fuv)= ) ) fxye

X =0y =0

fix.y)
2) Inverse discrete Fourier ) M ~1N —1 .
= — j2n(ux/M+vy/N
transform (IDFT) of F®Y) =4y Z 2 F(u,v)e
u =0wv =0
F(u,v)
3) Spectrum |F(u,v)| = [R?*(w,v) + I*(u, 17)]1/2 R = Real(F); I = Imag (F)
4 Phase angle _ 1| 10,v)
) g ¢(u,v) =tan [—R(u'v)
5) Polar representation F(u,v) = |F(u,v)|e/®®)

6) | Power spectrum P(u,v) = |F(u, v)|2
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Summary of 2-D DFT

7) | Average value ~ — N1
F= Z Z f(5y) = 1 F(0,0)
= =0

8) Periodicity (k; and k; Fu,v) =F(u+ kM, v) =F(u,v+k,N)

are integers) =F(u+tky,vtk;N)

fxy) = fx+kM,y) = f(x,y + k;N)
=f(x+ kM, y+k,N)

School of Life Sciences and Biotechnology

9) | Convolution M _1N 1
FH*W = ) ) fmmhx—m, y—n)
m =0n =0
10) | Correlation M Z 1N 1
Frm@ Y= Y ) fmmhGc+m, y+n)
m =0n =0
11) | Separability The 2-D DFT can be computed by computing 1-D DFT transforms along the rows (columns) of the image,

followed by 1-D transforms along the columns (rows) of the result. See Section 4.11

12) | Obtaining the IDFT M —1N —1
* = * —j2m(ux/M+vy/N)
using a DFT algorithm MNf (x, y) Z Z F'(u,v)e™’ y

u=0v =0
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Summary of 2-D DFT pairs

Name DFT Pairs
1) Symmetry properties See Table 4.1
2) Linearity af (x, y) + bf,(x, y) © aF1(u,v) + bF,(u,v)
3) Translation (general) f(x, y)e2m@ox/MFvoy/N) < F(u — ug, v — v)

f(x = x0,y = y,) © F(u,v)e /2mxo/M+vyo /N)

4) Translation to center of the frequency faN(-1D*"Y o Fu-M/2,v—N/2)
rectangle, (M/2,N/2) f(x—M/2,y—N/2) © Fu,v)(— 1)*""
5) Rotation f(r,0+6,) & F(w, ¢+ 6))

r=yx2+y2 @O=tanl(y/x) w=Vui+v? ¢p=tanl(v/u

6) Convolution theoremt f*xhxy) e (F-H)uv)
(f - B (xy) © (1/MN)[(F * H)(u,v)]
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7) Correlation theoremt (f*h)(x,y)  (F-H)(u,v)

(f" W (xy) & 1/MN)[(F % H)(u,v)]
8) Discrete unit impulse S(x,y)e=1

1 MN6(u,v)

. n(avb)
9) Rectangle reda b| © ab Sl?n(;r:)a) Sl;z(::) o~ Jm(ua+vb)
10) Sine sin(2rugx/M + 2nv,y /N) © ]MTN [6(u +ug,v+vy) —6(u—uy,v— vo)]
11) | Cosine cos(2mugx /M + 2wy /N) & = [8(u + ug, v + vo) + 8(u — up, v — vp)
2

The following Fourier transform pairs are derivable only for continuous variables, denoted as before by t and z for spatial variables and by y and v
for frequency variables. These results can be used for DFT work by sampling the continuous forms.

12) Differentiation (the expressions on the right (%)m(%)"ﬂt, 2) & (j2np)™(j21v) "F (1, v)
assume that f(+ o, + ) =0. M) P f(t 2)
2 o (j2mw) ™F (1, v); © (j2rnv)"F(u,v)

atm

13) | Gaussian A2mole 220?22 +2%) o po~WPH+v?)/20% (4 i 3 consta
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Thanks!



